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Abstract
Computation in nervous systems depend on the initiation, propagation and
inhibition of electrical impulses along the membranes of neurons, leading to
synaptic activity connecting neurons. The underlying electrical excitability of
cells is possible because the movement of a few charges controls the flow of
many charges. This is often mediated by the voltage sensors of voltage
gated ion channels. In particular, the S4 voltage sensor of the Shaker K+
ion channel is an experimentally well characterized example presented here
in terms of a boundary element method for calculating the electrostatic
potential energy and thus predicting expectations of measures.
The path from a theoretical description of the voltage sensor to a prediction
of a model’s macroscopic consequences requires simulation since such
models have not been solved analytically. However, given that this behavior
depends on the electrostatic properties of complex three-dimensional
dielectric regions that are inhomogeneous, the implementation in simulation
must be treated as a scientific instrument with robust controls and sensitivity
analysis. By taking this approach, it is possible to build a model that is
comparable with biological experiment, can be decomposed for analysis and
hypothesis, and can be used as an element in larger scale models of full ion
channels.
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Computation
Computation in nervous systems depend on the initiation,
propagation and inhibition of electrical impulses along the
membranes of neurons, leading to synaptic activity connecting
neurons.
Electrical excitability of cells is possible because the movement
of a few charges controls the flow of many charges.
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Excitation (computed)
I = CMV˙ + g¯Kn4(V − VK) + g¯Nam3h(V − VNa) + g¯l(V − Vl)
Hodgkin and Huxley (1952, Fig. 13, Eq. 26)
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The Action Potential
Hodgkin and Huxley (1952, Fig. 1)
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Voltage Gated K+ Currents
Hodgkin and Huxley (1952, Fig. 3)
gK(t) = gK∞
{
1−
[
1− 4
√
gK0/gK∞
]
exp(−t/τn)
}4
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Voltage-sensor displacement
Armstrong and Bezanilla (1973, Fig. 2)
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Topology
Gandhi and Isacoff (2002, Fig. 1a)
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Structure
Tao and MacKinnon (2008, Fig. 1)
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Molecular Dynamics
Jensen et al. (2012, Fig. 1B)
24. July, 2014 | Alexander Peyser | 11/41
Excitation Action Current Displacement Structure Dynamics
History Model and Theory Improvements Results
M
em
be
ro
ft
he
H
el
m
ho
ltz
-A
ss
oc
ia
tio
n
Geometry: Radial
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Peyser and Nonner (2012a, Fig. 1)
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Geometry: 3d
Peyser and Nonner (2012a, Fig. 2)
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Basis for Induced Charge Calculation
Electric field in dielectric
Continuity of Displacement
1E⊥1 = 2E
⊥
2
Gauss’ Law
E⊥1 +
σ
0
n = E⊥2
Surface Thickness
E⊥ =
E⊥1 + E
⊥
2
2
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Induced Charge Calculation
Charges in dielectric:
ρi(r) =
1− (r)
(r)
ρs(r)− ∇(r)
(r)
· 0E(r)
ρe(r) =
ρs(r)
(r)
.
Matrix equations:
4pi0 E(r) =
∑
k
qek
r− rk
|r− rk |3 +
∫
B
σi(r′)
r− r′
|r− r′|3 da
′+
∫
E
σe(r′)
r− r′
|r− r′|3 da
′
4pi0 V (r) =
∑
k
qek
1
|r− rk | +
∫
B
σi(r′)
1
|r− r′| da
′ +
∫
E
σe(r′)
1
|r− r′| da
′
σi(r) = −∆(r)
¯(r)
0 n(r) · E(r)
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Discretization
Form
Ah = c
Aij for dielectric surfaces i
[Aii ] =
1
ai
(∫
ai
r′ · n
|r′|3 dr
′ + 4pi
)
[Ai∼j ] =
∆i
i
1
aj
∫
aj
r′ij · a^i
|r′ij |3
dr′ij
[Aij ] =
∆i
i
rij · a^i
|rij |3
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Discretization
Form
Ah = c
Aij for Dirichlet surfaces i
[Aii ] =
1
ai
∫
ai
1
r
dr
[Ai∼j ] =
1
aj
∫
aj
1
|rij | drij
[Aij ] =
1
|rij |
24. July, 2014 | Alexander Peyser | 16/41
Geometry Geometry: 3d ICC Discretization Controls Energetics
History Model and Theory Improvements Results
M
em
be
ro
ft
he
H
el
m
ho
ltz
-A
ss
oc
ia
tio
n
Discretization
Form
Ah = c
hj for all surfaces
[hj ] = σjaj
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Discretization
Form
Ah = c
ci for dielectric surfaces i
[ci ] =
∆i
i
∑
k
qk
k
rik · a^i
|rik |3
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Discretization
Form
Ah = c
ci for dielectric surfaces i
[ci ] = Vi −
∑
k
qk
k
1
|rik |
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Oil Droplet
ǫ1 ǫ2
r
ro
R
R2
qo
z
θr
ro < R, r ≤ R, R2 →∞
φ11(r) =
qo
4pi01
(
1
|r− ro|
−
∞∑
`=0
(`+ 1)(2 − 1)
`1 + (`+ 1)2
· r
`
or
`
R2`+1
P`(cos θr)
)
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Oil Droplet
ǫ1 ǫ2
r
ro
R
R2
qo
z
θr
ro < R, r ≥ R, R2 →∞
φ12(r) =
qo
4pio
∞∑
`=0
2`+ 1
`1 + (`+ 1)2
· r
`
o
r `+1
P`(cos θr)
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Oil Droplet
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ro
R
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Oil Droplet
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Geometry: 3d
Peyser and Nonner (2012a, Fig. 2)
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Partition function
Q =
∑
i
exp(−∆Wi/kBT )
Pi = exp(−∆Wi/kBT )/Q
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Output: Energy & Displacement
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Shockley-Ramo Displacement
+1/2 V
-1/2 V
Shockley-Ramo Theorem (Integrated)
Q = −
∑
k
qk Vo(rk)/(1V )
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Shockley-Ramo Displacement
Nonner et al. (2004, Fig. 2)
Shockley-Ramo Theorem (Integrated)
Q = −
∑
k
qk Vo(rk)/(1V )
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Engineering
Environment
Deuterostome (D) language: Postscript extended for numerics.
Late-binding RPN, with data, operand and hash-table stacks.
History: 32-bit single-process OS9⇒ OSX⇒ 64-bit parallel Linux.
Extensions
Structures Bi-endian and Bi-word size.
Comms Transport of hash-summed D executable objects
transported by TCP, Unix sockets and MPI.
Parallelized Numerical C operators were multithreaded, D
procedures were multiprocessed, and program units
were distributed across nodes with
dependency-tracking D job server.
Libraries Atlas BLAS and PETSc were integrated.
Numerics Hand optimized.
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Cumulative speedup
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Shockley-Ramo Energetics
Instead of using force integration or change in potential for each
charged particle, SR can be extended to energetic calculations:
W =
1
2
∑
k
qkVVE=0(rk)− QVm He (2001)
Then all results can be calculated from one SR energy
calculation with Vm = 0, and one SR displacement calculation
Vm = 1 V for each conformation.
This results in a O(voltage steps) speedup, after LU decomp.
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Dielectric coefficient
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Gating canal geometry
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Multiscale gating
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1.8 nm
HVS(z,Vm)
HG(r)
HC(z, r)
B(z, r ,Vm) = exp{−β[HG(r) +
4∑
i=1
(HC,i(zi , r)
+HB,i(zi)
+HVS,i(zi ,Vm))]}
HVS,i(zi ,Vm) = −β−1 ln
∑
j
exp [−βHVS,i(zi , φj ,Vm)]
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Full-channel experimental predictions
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